Abstract. We find a C ∞ -continuous path of Riemannian metrics gt on R k , k ≥ 3, for 0 ≤ t ≤ ε for some number ε > 0 with the following property: g 0 is the Euclidean metric on R k , the scalar curvatures of gt are strictly decreasing in t in the open unit ball and gt is isometric to the Euclidean metric in the complement of the ball. Furthermore we extend the discussion to the Fubini-Study metric in a similar way.
Introduction
In a remarkable paper [11] , Lohkamp has made the following conjecture in Riemannian geometry.
Conjecture. Let (M k , g 0 ), k ≥ 3, be a manifold and B ⊂ M a ball. Then there is a C ∞ -continuous path of Riemannian metrics g t , 0 ≤ t ≤ ε, on M with (i) Ricci curvature of g t is strictly decreasing in t on B.
(ii) g t ≡ g 0 on M \B.
If such a path g t exists, we call it a Ricci-curvature melting of g 0 on B. This conjecture, if true, would certainly imply a scalar-curvature melting, meaning a path g t as above but with scalar curvature replacing the Ricci curvature in the condition (i). We note that common metric-surgery arguments do not seem to yield a scalar-curvature melting. If one considers the scalar curvatures s(g t ) for a scalar-curvature melting g t , then ds(gt) dt | t=0 ≤ 0 on B. In this way, the scalar-curvature melting is related to the deformation theory of the scalar curvature functional [4, Chapter 4] . A remarkable approach is the theory of local scalar curvature deformation of J. Corvino [6, Theorem 4] . He considered the formal adjoint L * g of the linearization L g of the scalar curvature functional on the space of Riemannian metrics restricted to a domain. According to his work, a scalar-curvature melting of g seems to exist when L later, this injectivity condition of L * g on domains was shown to be a generic one by Beig, Chruściel and Schoen (see Theorem 6.1 and Theorem 7.4 in [3] ). Now the question is how to melt a Riemannian metric which does not satisfy this condition.
In this context, Euclidean metrics arise importantly because they are outstanding ones, not satisfying this condition. In a recent paper [8] , we explained the scalar-curvature melting of Euclidean metric in 3 dimension. The purpose of this article is to complete the scalar-curvature melting of Euclidean metrics in any dimension ≥ 3 and then extend the discussion to the Fubini-Study metric in a similar way.
We shall first construct a family of Riemannian metrics on R k , k ≥ 3 which have negative scalar curvatures on a pre-compact (open) set and are Euclidean away from it. In even dimension we already have such a family of metrics [7] . In odd dimension, we use the coordinates (r 1 , θ 1 , . . . , r n , θ n , z) on R 2n+1 where (r i , θ i ) are the polar coordinates on the i-th direct summand of R 2n+1 := R 2 × · · · × R 2 × R and z is the coordinate for the last summand R. We express the Euclidean metric as
and choose smooth functions f i so that g has negative scalar curvature on a pre-compact set near origin and is Euclidean away from it. Then by conformal change of g (also for the even dimensional metrics mentioned above), we spread the negativity inside the pre-compact set over to a larger ball. In the process, we found a natural choice of parameter t to get g t . In this way we get a scalar-curvature melting: Theorem 1.1. There exists a C ∞ -continuous path of Riemannian metrics g t on R k , k ≥ 3 which exists for 0 ≤ t ≤ ε for some number ε with the following property: g 0 is the Euclidean metric on R k , s(gt) < s(g t ) for 0 ≤ t <t ≤ ε in the open unit ball and g t is the Euclidean metric in the complement of the ball.
In Section 2, we construct Riemannian metrics on R 2n+1 that have negative scalar curvatures on a pre-compact set and are Euclidean away from it. In Section 3, we demonstrate a C ∞ -continuous path of metrics g t such that the scalar curvature s(g t ) is monotonically decreasing in t. In Section 4, by a conformal deformation we get a genuine scalar-curvature melting on the unit ball in R 2n+1 . We also observe that similar argument works for even dimensions. In Section 5 we discuss the Fubini-Study metric in a similar way.
Construction of the metric
We will deform the Euclidean metric
where f i 's are smooth positive functions on R 2n+1 depending only on the variables r 1 , . . . , r n , z.g is a metric on R 2n+1 \{(r 1 , θ 1 , . . . , r n , θ n , z) | r i = 0 for some i}. Below we shall choose f i so thatg is smooth on R 2n+1 . Let
Let ω i be the dual co-frame fields of e i :
We compute the connection 1-forms ω ij with respect to ω i :
Here we write
The scalar curvature is as follows;
Set
We shall find the functions F i so that they satisfy
We consider smooth functions β(z) and α i j (r), i = 1, . . . , n − 1, j = 1, . . . , n on R which satisfy at least β(z) = 0 for z ≤ −1, or z ≥ 1, and β(z) > 0 on − 1 < z < 1, α i j (r) = 0 for r ≤ 0, or r ≥ 1. The functions α i j 's need to be specified more. Let k i j (r) be smooth functions on R satisfying Define the functions F i , i = 1, . . . , n − 1, and F n by
whereˆdenotes the missing factor in that position,
We consider F i 's and F n defined on R 2n+1 = R 2 × · · · × R 2 × R. Then they satisfy the equation (2) and
We now see thatg is Euclidean away from C and that its scalar curvature sg is negative inside C except the thin subset T := { (r 1 , θ 1 
Proposition 2.1. There exist Riemannian metrics on R 2n+1 , n ≥ 2 such that their scalar curvatures are negative on the pre-compact subset C\T and they are Euclidean away from C.
We need to recall the similar result in even dimensions from Sections 3 and 5 of [7] . Proposition 2.2. There exist Riemannian metrics on R 2n , n ≥ 2 such that their scalar curvatures are negative on a pre-compact subset K and they are Euclidean away from K.
Decreasing property of the scalar curvature of metrics
We are going to show that there is a C ∞ -continuous pathg t among the metrics in the previous section such that its scalar curvature s(g t ) is decreasing in C\T andg t is Euclidean in the complement of C.
We set
Still under the relation
The scalar curvature is
One can easily check
Note that inside C the set of points with
| t=0 = 0 is identical to the set T. We see that s(g t ) is strictly decreasing only on C\T. In order to have the right decreasing property, we need to diffuse the negativity (of scalar curvature) onto a ball containing C\T.
Diffusion of negative scalar curvature onto a ball
Our argument in this section is similar to that in [8, Section 4], so we avoid some details. We use the following functions;
be the open ball of radius r with respect to g 0 centered at x. We choose a point p and a number ǫ 1 < 0.1 so that B 2ǫ1 (p) ⊂ C\T. Then s(g t ) < 0 on B ǫ1 (p) when 0 < t < c for some number c.
Let
, where ρ is the g 0 -distance from the above point p to q ∈ R 2n+1 and let h
. We choose b = 9 and ǫ = ǫ 1 . We consider the Riemannian metric e 2φtg t , where
We consider the scalar curvature s(e 2φtg t 
This yields a scalar-curvature melting g t = e 2φtg t on B 9+ǫ1 (p). By pulling it back by an affine transformation, we can get a scalar-curvature melting on the unit ball.
In even dimensions, we start with the metrics in Proposition 2.2 and proceed similarly as in Section 3 and Section 4. Then we can get a scalar-curvature melting on the unit ball in R 2n , n ≥ 2. This proves Theorem 1.1.
Remark 4.1. The odd dimensional metric in Proposition 2.1 is in fact a contact metric compatible with the standard contact structure on R 2n+1 . We suspect our melting can be done in the space of contact metrics. It is very interesting to find a scalar curvature melting of a general metric on a ball, not to mention a Ricci-curvature melting.
Fubini-Study metric
In this section we demonstrate that the arguments for Euclidean metrics can work similarly for the Fubini-Study metric.
We need to discuss in the context of almost Kähler metrics, which are Riemannian metrics g compatible with a symplectic structure ω, i.e., ω(X, Y ) = g(X, JY ) for an almost complex structure J, where X, Y are tangent vectors. Here ω and g determine J. One may refer to [2] for some knowledge of almost Kähler geometry needed in this section. In this geometry, for the canonical hermitian connection ∇ determined by J we have the corresponding hermitian scalar curvature s ∇ . It proves to be equal to , ω) , i.e., a symplectic manifold equipped with an effective Hamiltonian action of an ndimensional torus T , M. Lejmi considered ω-compatible T -invariant almost Kähler metrics g which have the local expression
where z 1 , . . . , z n are moment coordinates corresponding to Hamiltonian vector fields generating T action and H = (H ij ) is a symmetric positive-definite matrix-valued function and G = (G ij ) is the inverse matrix of H. In z, t coordinates, ω = dz i ∧ dt i . Any metric of the form (4) is ω-compatible almost Kähler. He computed that 
Then the image of µ is the closure of S 1 . g F S can be expressed as (4) with some H 0 ij (z).
Proposition 5.1. Given an open set S c , 0 < c < 1, there exists a family of T n -invariant almost-Kähler metrics (ω F S ,ḡ t ) on CP n , 0 ≤ t < ǫ 2 for some number ǫ 2 , such that
and we denote the corresponding metric in (4) byḡ t . The condition s ∇ḡ t = s ∇ḡ 0 is equivalent to n i,j=1 {U ij } ,ij = 0. For its solution, choose U = (U ij ) as the diagonal matrix with diagonal entries
where α i j (z j ), i = 1, . . . , n − 1, j = 1, . . . , n are smooth functions on R which satisfy at least α i j (z j ) = 0 for z j ≤ 0, or z j ≥c for somec > 0. This is similar to the solution of the equation (2) . Again, one can properly choosec small and α i j so that U ij become smooth functions with compact support in µ −1 (S c ) and thatḡ t , t > 0, is an almost Kähler metric which is non-Kähler, i.e., 1 2 |DJ| 2 = s * − s = 0 somewhere. Indeed, either by direct computation on a component of DJ or by an argument using [5, Section 4] , one can find {U ij } so that near some chosen pointḡ t is non-Kähler for any small t.
As (ω F S , g F S ) is Kähler, s(g F S ) = s ∇ḡ 0 . But then, s ∇ḡ 0 = s ∇ḡ t ≥ s(ḡ t ) with equality exactly where (ω,ḡ t ) is Kähler. This proves that s(ḡ t ) < s(ḡ 0 ) for 0 < t < ǫ 2 on an open pre-compact subset W of µ −1 (S c ).
The metricsḡ t play the same role as those in Propositions 2.1 or 2.2.
Theorem 5.2. Suppose we are given a point p 0 ∈ CP n and a number r 0 with 0 < r 0 < 1 2 diameter(g F S ). Then there exists a C ∞ -continuous path of Riemannian metrics g t on CP n , which exists for 0 ≤ t < ε for some number ε with the following property: g 0 = g F S , s(gt) < s(g t ) for 0 ≤ t <t < ε in the ball B gF S r0 (p 0 ) of g F S -radius r 0 centered at p 0 and g t is isometric to g F S in the complement of the ball.
Proof. Since (CP n , g F S ) is homogeneous, we may choose the coordinates and hamiltonian T n action so that p 0 = µ −1 (0, . . . , 0). We choose c so that µ −1 (S c ) ⊂ B dt k | t=0 (p) < 0 at some p ∈ W . We now apply the argument of Section 4.
We consider a smooth coordinates system y := y 1 , . . . , y 2n on B The scalar curvature is as follows; s(g t ) = e −2φt B, where B = sḡ t + a n ∆ḡ t φ t − b n |∇ḡ t φ t | 2 for some positive numbers a n , b n depending on n. Then (5) ds(g t ) dt = e −2φt (−2 dφ t dt B + dsḡ t dt + a n d∆ḡ t φ t dt − b n d|∇ḡ t φ t |
